We define two categories of Dirac manifolds, i.e. manifolds with complex Dirac structures. The first notion of maps I call Dirac maps, and the category of Dirac manifolds is seen to contain the categories of Poisson and complex manifolds as full subcategories. The second notion, dual-Dirac maps, defines a dual-Dirac category which contains presymplectic and complex manifolds as full subcategories. The dual-Dirac maps are stable under B-transformations. In particular we get two structures of a category on Hitchin's generalized complex manifolds, i.e., two reasonable notions of generalized complex maps. We also generalize further to get categories of Dirac manifolds for which the Dirac structures lie in arbitrary exact Courant algebroids. As an example, we consider the case of a Lie group with a complex Dirac structure and establish conditions for which multiplication is a Dirac map.
Introduction
The notion of (complex) Dirac structures on manifolds is a common generalization of several basic concepts of differential geometry: Poisson, presymplectic, and complex structures and integrable distributions. Formally, this is a generalization of integrable distributions where the tangent bundle T M is replaced by V M = T M ⊕ T * M and the Lie algebroid structure on T M is replaced by the Courant algebroid structure which is a bracket operation [−, −] on V M . For the geometry of Courant algebroids (also called generalized geometry) we refer the reader to [8] , [10] . A Dirac structure D on a manifold M , is a subbundle of V M which is maximal isotropic for the natural quadratic form on V M = T M ⊕ T * M and integrable in the sense that the sections of D are closed under the Courant bracket. A complex Dirac structure on M is a subbundle D of the complexification of V M with analogous properties. A manifold with a complex Dirac structure will be called a Dirac manifold and we say "real Dirac manifold" if we only allow real structures D ⊆ V M .
We define two categories of manifolds with complex Dirac structures. As the complexification of any ordinary ("real") Dirac structure D is a complex Dirac structure D C , we have full subcategories of manifolds with real Dirac structures. The first notion of maps I call Dirac maps, and the corresponding category of Dirac manifolds is seen to contain the categories of Poisson and complex manifolds as full subcategories. The second notion, dual-Dirac maps, defines a dual-Dirac category which contains symplectic and complex manifolds as full subcategories. The notion of dual-Dirac maps has an additional property that it is stable under B-transforms. As an example, we consider Dirac groups (G, D), i.e., Lie group G endowed with a complex Dirac structure D such that the multiplication is a Dirac map. We classify Dirac groups with real Dirac structure and generalized complex groups. Here we also consider groups in the category of Dirac manifolds. We also address in §4 what it means to have a map of Dirac manifolds (M, D)−→(N, L) when D and L are contained in arbitrary exact Courant algebroids rather than the standard V M . A discussion of Dirac groups in this more general category will be left for another paper.
In §2 we recall the linear algebra of linear Dirac structures on vector spaces and define the notions of linear (dual-)Dirac maps between those. In §3 we construct the categories of Dirac maps and dual-Dirac maps manifolds and their full subcategories. We also make a brief note of the various existing conceptions of maps between manifolds with Dirac structures. In §5 we consider the structure of groups in the category of Dirac manifolds.
Notation. For any vector space X and any ε ∈ ∧ 2 X * , we will use ε ♯ : X −→ X * to denote the map x → ι x ε = ε(x, −). For any vector space V there is a natural bilinear form , on V ⊕ V * given by X + ξ, Y + η = η(X) + ξ(Y ) for X, Y ∈ V and ξ, η ∈ V * . For a vector subspace U ⊂ V , Ann(U ) ⊂ V Definition 1. Let L 1 , L 2 be linear Dirac structures on vector spaces V 1 , V 2 . A linear map f : V 1 −→ V 2 is said to be a linear Dirac map if:
Such a map will also be written as
Notice that a linear Dirac structure on V 1 is also a linear Dirac structure on V 1 * , however Dirac maps are not invariant under duality. We will say that f is a linear dual-Dirac map if (1) is equivalent to either of the two following conditions:
is simply a rewriting of (M2) in terms of elements. Now, (M2 ′′ ) is equivalent to the following statements.
(
So to show that (M2) and (M2 ′′ ) are equivalent, it suffices to show that (f
It is a general fact that for a map V 1 f −→ V 2 of vector spaces, and a subspace
Recall that for any linear Dirac structure L V there is a unique data of a subspace E ⊂ V and
We denote the inclusion maps by j E : E ֒→ V and i U :
The next two propositions 2.2 and 2.3 state conditions (M1) and (M2) of definition 1 in terms of presentations of linear Dirac structures as L(π, U ) or L(E, ε).
But this is true for arbitrary ξ ∈ U 2 , which means φ
) is a linear Dirac map if and only if:
and (M1) are apparently equivalent. Condition (2) is a direct restatement of (M2 ′ ) in terms of E and ε. 
Here we use the criteria of prop 2.2.
Because f 1 and f 2 satisfy (D1) so doe the composition:
Finally, associativity and the existence of identity morphisms is obvious since linear Dirac maps are functions.
3 Dirac and Dual-Dirac Maps
Dirac Structures
Recall that a Dirac structure on a manifold M is a subbundle D ⊂ V M = T M ⊕ T * M which is integrable for the Courant bracket and maximally isotropic for the standard quadratic form on V M (i.e., at each p ∈ M the fiber D p is a linear Dirac structure on the tangent space T p M ). Any real Dirac structure L on a manifold M determines a complex Dirac structure L ⊗ C on M . Thus, the set of complex Dirac structures contains real Dirac structures. Henceforth Dirac structure will always mean complex Dirac structure. A particularly interesting class of Dirac structures are the generalized complex structures. These are maps J : V M −→V M such that J 2 = −1, J is orthogonal with respect to the quadratic form on V M , and the i-eigenbundle L ⊂ (V M ) C of J is integrable with respect to the Courant bracket. A generalized complex structure is equivalent to a complex Dirac structure L with
Lemma 3.1. We recall from [8] that he following procedures create Dirac structures from geometric structures on M . The first three are real, and (4) and (5) are special cases of generalized complex structures. 
To an integrable distribution
D ⊂ T M , assign [D ⊕ Ann(D)] C .
To a Poisson structure
π ∈ Γ(M, ∧ 2 T M ), assign L(π, T * M ).
To a presymplectic structure
ω ∈ Ω 2 (M ), assign L(T M, ω).
To a symplectic structure
ω ∈ Ω 2 (M ), assign L(T M C , iω).
Dirac Maps
Definition 2. Let f : M −→N be a C ∞ map of manifolds, and let L M be an (almost) Dirac structure on M and L N an (almost) Dirac structure on N. The function f is said to be Dirac or a Dirac map if at each
If L M and L N are both generalized complex structures, we also say that f is a generalized complex map A Dirac map f between manifolds with Dirac structures will also be denoted by f :
Proposition 3.2. We can define a category D of Dirac manifolds by taking its objects to be all pairs (M, L), where M is a C ∞ manifold and L is a Dirac structure; the morphisms of D are the Dirac maps.
Proof. This follows from proposition 2.4.
• df p is composition of linear Dirac maps, so it is itself a linear Dirac map. 
Since the property of being holomorphic, Poisson, or Dirac map is determined pointwise, we fix a point p ∈ M 1 and q = f (p) ∈ M 2 . We use the notation of proposition 2.2.
If L 1 and L 2 are complex strucutres, we need to check that f is holomorphic if and only if f is Dirac. Let E 1 and E 2 be the holomorphic tangent bundle for complex structures so that
Because π i = 0 for i = 1, 2, condition (M2) is trivially true. The map f is holomorphic if and only if
. It is clear now that f is Dirac exactly when f is holomorphic.
We check that if L 1 and L 2 are Poisson structures, then f is a Poisson map if and only if f is Dirac. Now let
The claim follows from the observation that, since df is everywhere an isomorphism, f is symplectic precisely if it is Poisson, i.e., if it is Dirac.
Remark 3.4. We note that for a Dirac map
f : (M, L M )−→(N, L N ), even if it is an immersion or a submersion, it is not true that either of the Dirac structures L M or L N determines the other. For example, if L N = T N and L M = (0, U 1 ) for any subbundle U 1 of T M , then any f is a Dirac map. Similarly, any map is Dirac if L M = T * M and L N = L(0, U 2 ) for any subbundle U 2 of T * N , then f is a Dirac map.
Dual-Dirac Maps
The dual statement of proposition 2.2 is as follows.
is any linear map, then f is a linear dual-Dirac map if and only if
These two conditions are equivalent to the existence and commutivity of the diagram
Proposition 3.6. Dirac manifolds with and dual-Dirac maps form a category D * of dual-Dirac manifolds.
* is the composition of two linear Dirac maps, so g • f is linear dual-Dirac. Now the conclusion follows in the same way as for proposition 3.2. 
* and L 1 and L 2 are complex structures, then E 1 and E 2 are the holomorphic tangent bundles, and ε 1 = ε 2 = 0. In light of proposition 3.5, a map f : M 1 −→M 2 is holomorphic if and only if it is dual-Dirac. If L j = L(T M j , iε j ) (j = 1, 2) are symplectic structures, then proposition 3.5 states that f : M 1 −→M 2 is dual-Dirac if and only if f is a symplectomorphism.
is a (dual)Dirac map. If both Dirac structures are generalized complex structures this gives two notions of generalized complex submanifolds. Gualtieri [8] offers a very different definition of generalized complex submanifold which is related to the notion of branes. The inclusion maps of [3] can also be used to define a type of generalized complex submanifolds.
B-transforms
For a vector space V and B ∈ ∧ 2 V * , we extend the composition V 
Proposition 3.9. Dual-Dirac maps are stable under B-transforms in the sense that if
Proof. For dual-Dirac maps, it is enough to prove this statement pointwise for the derivative df of f , where one may represent
Remark 3.10. Crainic's notion [6] of generalized complex maps is also stable under B-transforms.
Other Categories of Dirac Manifolds
The two categories of Dirac manifolds are an alternative to the ones presented in the existing literature. In addition to the Dirac maps and dual-Dirac maps described herein, there are several other distinct conceptions of Dirac maps. Crainic [6] defines one category, which also contains complex manifolds as a full subcategory but which is only defined for generalized complex structures, not for Dirac structures in general. The requirement to be a Crainic-Dirac map is very strong. For instance, if L M and L N are symplectic structures,
is Crainic-Dirac if and only if it is both symplectic and Poisson. Recall from §2 that there are pushforwards and pullbacks of linear Dirac structures. Both pushforwards and pullbacks are useful operations in their own right, but pullbacks and pushfowards also define maps between manifolds with Dirac structures [5] . We ask of f : (M,
However, when considered as maps of manifolds with Dirac structures, they do not generalize holomorphic maps. Pullbacks and pushforwards only generalize holmorphic maps when f is an immersion or submersion respectively. Recently, Alekseev, Bursztyn, and Meinrenken [1] have introduced a notion of Dirac maps,which consists of a pair (f, B) of a map of manifolds f : M −→N and a 2-form
This fits naturally into the picture when one considers generalized complex structures from the point of view of pure spinors. Furthermore, the data (f, B) of a map and a 2-form is the same data used herein to define maps of Courant algebroids and "Courant-Dirac maps." Additionally, Ben-Bassat and Boyarchenko [3] define Dirac inclusions and quotients.
Cateogries of Courant Algebroids and Dirac Manifolds 4.1 Background
We extend the definitions of Dirac and dual-Dirac maps to Dirac structures contained in exact Courant algebroids. A Courant algebroid on M (defined in [12] ) is a quadruple (E, π : E−→T M, , , [ , ]), where , is bi-linear form and [ , ] is a bracket operation on sections of E, satisfying some conditions which are described in [12] and [8] . An exact Courant algebroid is a Courant algebroid E−→M for which 0−→T 
Severa's classification (as described in [4] ) is that any exact Courant algebroid is isomorphic to some V M,H . Further, it is known that any isomorphism V M,H −→V M,K is a B-transformation e B , where H = K + dB [8] .
We now define the pullback of an exact Courant algebroid. For a submanifold ι : S ֒→ M and an exact Courant algebroid E over M , E can be restricted to an exact Courant algebroid E |S = π −1 (T S)/Ann(T S) on S [4] , and when
α, β, δ, γ, ǫ are isomorphisms, and i, j, and k are inclusions. Starting with
we restrict the Courant algebroid for each inclusion and make identifications (pullback of vector bundles) for each isomorphism. Along the top row, we end up with f ⋆ g ⋆ E 3 on M 1 , and the result on the second row will therefore be the same.
Next we observe that the inclusion Γ
There is now a commutative diagram
where ι and κ are isomorphism and l and m are inclusions. Again restricting for each inclusion and making identifications for each isomorphism, the bottom row will yield (g • f ) ⋆ E 3 on M 1 , whereas the previous diagram shows that the top row yields f ⋆ g ⋆ E 3 .
Dirac Categories
First consider Dirac structures 
Dirac Groups
Here we will consider only groups in the categories D and D * . Groups in CD and CD * will be treated in another paper. 
For a Lie group G and a bi-invariant subbundle
For the remainder of this section we will, when convenient, use left translation to identify T G and T * G with G × g and G × g * . This identifies Γ(G, T G) = M ap(G, g), and with bi-invariant U as above, Γ(G,
Almost Dirac Groups
Lemma 5.
Let (G, D) be a group with almost Dirac structure. Then (G, D) is an almost Dirac group if and only if there is a bi-invariant subbundle
. We prove this lemma for real Dirac structures, but the proof applies to arbitrary Dirac stuctures by complexifying V G .
First we show that (M1) is equivalent to the requirement that there exists a bi-invariant subbundle U for which D is of the form L(β, U ) for some β ∈ Γ(G, ∧ 2 U * ). At each point g ∈ G, we can express
g . This defines some U ⊂ T * G, and we must show that U is a subbundle. The Dirac structure
This is true for all g, h ∈ G. In particular, if h = e, (dL g ) * e U g ⊂ U e , and if g = e, (dR h ) * e U h ⊂ U e . Hence,
e U e and U g ⊂ (dR g ) − *
e U e for all g ∈ U g .
On the other hand, if
e U e . We conclude that U is a subbundle and in fact bi-invariant, which means that U e is G-invariant and k := Ann(U e ) is G-invariant. Therefore k is an ideal Condition (M2) states that dµ(β g + β h ) = β gh just as for Poisson groups.
Remark 5.2. It follows from lemma 5.1 that if (G, L(β, U )) is a Dirac group, then β e = 0 and D e = k ⊕ Ann(k), where k = Ann(U e ). With T G ≃ G×g, multiplication dµ (g,h) : g⊕g−→g is given by dµ (g,h) (X, Y ) = Ad(h −1 )X + Y , and dµ * (g,h) ξ = Ad(h) − * ξ + ξ. Hence β : G−→ ∧ 2 g C /k is multiplicative if and only if
The following is a generalization of the Poisson case from [13] , [16] of muliplicative bi-vetors in terms of cocycles. For an ideal k ⊂ g C , β :
Proof. Since G × k is an ideal in the sheaf of Lie algebras T G, it makes sense to take the Lie derivative L X β for any left or right-invariant vector field X. The proof of (1) is now identical to the one in [16] .
and the identity map {e} ֒→ G are Dirac maps, so (G, D) is a group object in the category of almost Dirac manifolds.
Proof. By lemma 5.1, D = L(β, U ), and β e = 0. Now (D1) and (D2) are trivially satisfied for {e} ֒→ G, so the identity map is Dirac. The derivative of inversion at g ∈ G is given by dι g = −Ad(g). Since U is bi-invariant, by lemma 5.1, (D1) is satisfied. Since β is multiplicative,
which is exactly what is needed for (D2) to be satisfied for ι.
Real Dirac Groups
Here we consider Dirac groups (G, D) for which D is a real Dirac structure. 
To see that (G/K, β) is a Poisson group, we must must show that β is multiplicative. Let µ : G × G−→G and µ : G/K × G/K−→G/K denote group multiplication in G and G/K respectively. We know that µ • π × π = π • µ. Recall that γ is multiplicative, meaning dµ(γ g1 + γ g2 ) = γ g1g2 just as for Poisson groups. We also know that β = (dπ)γ because π : (G, D)−→(G/K, π ⋆ D) is obviously a Dirac map. Therefore
Therefore β is multiplicative and (G/K, β) is a Poisson group. This correspondence
To complete the proof, it suffices to show that for any Poisson group structure L = L(β, T
It remains to show that γ is multiplicative. This follows in the same way as before.
Therefore γ is multiplicative. This proves the first two statements. Now suppose that G is semisimple. By the first part of this proposition, to prove our correspondence it suffices to show that every Ad-invariant k ⊂ g is the Lie algebra of some normal closed subgroup. Any Ad-invariant k ⊂ g is an ideal. Since g is semisimple, g = k ⊕ k ⊥ , where k ⊥ is determined by the Killing form on g. We know that k ⊥ is also an ideal and semisimple. The identity component of the centralizer Z G (k ⊥ ) is a closed subgroup with Lie algebra Z g (k ⊥ ) = k.
Generalized Complex Groups
In parallel with the work of Gualtieri, we hope that the following result may be helpful in a geometric construction of quantization of holomorphic Poisson groups.
Proposition 5.7. A generalized complex group structure on a group G is equivalent to a holomorphic Poisson group structure on G.
Therefore k gives G the structure of a complex group. We henceforth identify T G ≃ G × g by left translation.
where J is the complex structure with i-eigenbundle G × k. Gualtieri shows that generalized complex structures of this form are equivalent to a complex structure J with holomorphic Poisson structure ρ ♯ = JQ + iQ [9] [7] . One may check that the graph of
from which one can compute that β ♯ is a multiple of Q + iJQ. This implies that β is multiplicative if and only if Q is multiplicative, whence the desired result follows.
We have noted that Crainic defines a category of generalized complex manifolds with morphisms which I will call here Crainic-GC maps. When f is a submersion, as is the case for the group multiplication map, f being Crainic-GC implies that f is Dirac, but the converse is not true in general. However, it turns out that a Crainic-GC group is the same as a generalized complex group. Vaisman [17] shows that groups with generalized complex structure such that multiplication is a Crainic-GC map are equivalent to a complex Poisson groups such that the complex and Poisson structure form a Poisson-Nijenhuis structure. LaurentGengoux, Stiénon, and Xu [11] describe how a Poisson-Nijenhuis structure is equivalent to a holomorphic Poisson structure. Thus, Vaisman's result implies that a Crainic-GC group structure is equivalent to a holomorphic Poisson group structure. What proposition 5.7 shows is that Crainic-GC groups are the same as generalized complex groups.
Integrability and Dirac Groups
Here we generalize from the case of Poisson groups treated in [13] , [16] several formulations of integrability of an almost Dirac group. We begin with an independent observation. , dg) ) is a section of D so that β(df, dg) ∈ F(G). The integrability condition is 0 = N ij(X + df, Y + dg, Z + dh) = {f, {g, h}} + {g, {h, f }} + {h, {f, g}}. On the other hand, if { , } satisfies the jacobi identity, then N ij |D = 0, so D is integrable. Hence β(df, dg) ∈ F(G) for f, g ∈ F(G), which makes F a sheaf of Lie algebras.
(2 ⇐⇒ 3) It follows directly from [16] equation 1.16, originally appearing in [2] , that withβ defined as in lemma 5.10, f, g, h ∈ F(G), [β, β](df, dg, dh) = [β,β](df, dg, dh) = {f, {g, h}} + {g, {h, f }} + {h, {f, g}}.
The classification [16] of Poisson group structures in terms of Lie bialgebras can be extended to Dirac group structures. Proposition 5.8 shows that d e β(k) = 0, so d e β : g C −→ ∧ 2 g C /k factors through g C /k and can be thought of as d e β : g C /k−→ ∧ 2 g C k.
Lemma 5.12. Let G be a Lie group, k a G-invariant ideal and Proof. We only need to make a few modifications to the proof presented in [16] . First, as in proposition 5.8, d g β(k) = 0 is a necessary condition for integrability. As in [16] , the bracket ,β) ) e , whereα andβ are any sections of G × g C /k * withα(e) = α,β(e) = β. If D is integrable, then by proposition 5.11, { , } is a Lie bracket on the sheaf F . Let F i e denote all germs of functions in the stalk F e which vanish up to order i at e. Then there is an isomorphism F 0 e /F 1 e− →U e ⊂ g C * sending [f ] → df e . Then {f, g} = β(df, dg) → d(β(df, dg)) e = [df e , dg e ], so d e β * satisfies the Jacobi identity. If, however, we assume that d e β * satisfies the Jacobi identity, then the proof in [16] follows as written and [β, β] = 0, which by proposition 5.11 implies that D is integrable.
Theorem 5.13. If G is simply connected, a Dirac group structure on G is equivalent to an ideal k of g C and a Lie bialgebra structure on g C /k.
Proof. First let L(β, U ) be a Dirac group structure on G. For the ideal k = Ann(U e ), a Lie bi-algebra structure on g C /k is equivalent to a cocylce ǫ : g C /k−→ ∧ 2 g C /k such that ǫ * is a Lie bracket. Then by proposition 5.3, d e β : g−→ ∧ 2 g C /k is a cocycle. Since L(β, U ) is integrable, d e β(k) = 0 by lemma 5.8. So d e β factors to some cocycle ǫ : g C /k−→ ∧ 2 g C /k. By lemma 5.12, integrability of L(β, U ) implies that ε * satisfies the Jacobi identity. Now let ǫ : g C /k−→∧ 2 g C /k define a Lie bi-algebra structure. Then letting ǫ ′ : g−→∧ 2 g C /k be the composition of ǫ with g ֒→ g C −→g C /k. Then ǫ ′ is a cocycle for g. By proposition 5.3, there is a unique β : G−→ ∧ 2 g C /k such that d e β = ǫ ′ . Since ǫ satisfies the Jacobi identity, L(β, Ann(k)) is integrable (by lemma 5.12).
Clearly these two processes are inverses of each other.
dual-Dirac Groups
A dual-Dirac group is a group with Dirac structure such that group multiplication is a dual-Dirac map. Proof. Let (G, D) be an almost dual-Dirac group. That is, multiplication is dual-Dirac and D is an almost Dirac structure. Then poinwise, D g = L(E g , ε g ). We again identify T G C ≃ G × g C by left-translation, and we think of E as an assignment of a subspace of g C for each g ∈ G. Condition (M 1) * is that Ad(h −1 )E g + E h ⊂ E gh . Hence, E h ⊂ E gh for all g, h.
Clearly then E g = E e for all g. Thus, E is constant or left-invariant. But also Ad(h −1 )E ⊂ E for all h ∈ G, so E is a G-invariant ideal of g C . The requirement (M 2) * is that (Ad(h −1 ) * ε gh , ε gh ) = (ε g , ε h ), so ε : G−→ ∧ 2 E * is also constant. Now (M 2 * ) holds if and only if Ad(G) * ε = ε.
Gualtieri shows that almost Dirac structures of the form L(E, ε) are integrable if and only if E is an integrable distribution and d E ε = 0. Since E is an ideal, G × E ⊂ G × g C ≃ T G C is an integrable distribution.
When G is connected semisimple, E is also semisimple, so H 2 (E, C) = 0 [18] . Hence, ε = φ • [ , ] for some φ ∈ g C * . G-invariance of ε implies that φ is G-invariant. Since G is semisimple, this is only possible if φ = 0.
